In a recent letter, 1 Fytas et al. study the critical point of the equilibrium random-field Ising model (RFIM) in D = 5 by means of state-of-art T = 0 lattice simulations. They show that the underlying supersymmetry (SUSY) of the model, 2 which is clearly broken in D = 4 and D = 3, may be approximately satisfied in D = 5. This result, which complements an earlier simulation study by the same authors 3 on an approximate restoration of the dimensional-reduction (DR) property of the critical scaling in D = 5, restricts the number of scenarios describing the critical behavior of the RFIM as D is decreased below the upper critical dimension of 6. One allowed scenario is the one that we put forward based on a nonperturbative functional renormalization group (NP-FRG) theory:
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4-7 SUSY and DR apply above a critical dimension D DR ≈ 5.1 and break down below due to the relevance of collective phenomena known as avalanches (or shocks) that induce singularities (cusps) in the functional dependence of the cumulants of the renormalized random field at the fixed point. 8 However, Fytas et al. suggest that the large value of the correction-toscaling exponent ω = 0.66(+15/ − 13) found numerically in D = 5, 1,3 i.e., close to the putative critical dimension D DR , argue against our scenario because one would then expect a much smaller exponent ω ∼ D DR − D ≈ 0.1 in D = 5. As put by Fytas et al. in the SI, 1 the exponent ω could therefore be the "smoking gun" to settle the issue of SUSY and DR breaking.
We show here that our scenario actually passes the "smoking gun" test. Indeed, the functional character of the NP-FRG previously allowed us to unravel the peculiar way by which the new fixed point where both SUSY and DR are broken emerges from the collapse of two SUSY-DR fixed points (one stable and one unstable) in D = D DR .
7 This emergence takes place through a boundary-layer mechanism that leads to a discontinuity in the lowest irrelevant eigenvalue exactly in d DR and to a rapid increase of ω below D DR , in the form of a square-root singularity. It allows one to escape the curse of a small correction-to-scaling exponent in D = 5: We indeed find from the solution of the NP-FRG equations (derived and discussed in Refs. [6, 7] This eigenvalue is discontinuous in DDR and has square-root singularities on approaching DDR from both sides. (As the numerical resolution of the functional RG equations is done by discretizing the field arguments on a grid, 6, 7 it is very difficult to properly approach DDR from below and the curve there is just a guide for the eye.) Inset: Test of a SUSY Ward identity at the NP-FRG fixed point in D = 5: SUSY implies that the second cumulant of the renormalized random field δ * (ϕ, ϕ) is equal to the field renormalization function z * (ϕ).
6
The observed violation is by less than 1%, as found for a related Ward identity in [1] .
be η ≈ 0.044,η ≈ 0.048, ν ≈ 0.627, in good agreement with the simulation results, 0.052, 0.058, 0.626, 1,3 respectively.) We display in Fig. 1 the D dependence of the smallest irrelevant eigenvalue around the fixed point in the vicinity of D DR . This eigenvalue is equal to ω below D DR whereas, due to the "cuspy" functional nature of the associated eigenfunction, it is not observable in the correction to scaling of usual observables above D DR . We also show in the inset of Fig. 1 the very small violation of the SUSY Ward identity displayed by NP-FRG fixed-point functions in D = 5.
